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a b s t r a c t
A recently developed method is described to propagate short wave equation pulses over
indefinite distances and through regions of varying indices of refraction, includingmultiple
reflections. Themethod, ‘‘Wave Confinement’’, utilizes a newly developed nonlinear partial
differential equation (pde) that propagates basis functions according to the wave equation.
These basis functions are generated as stable solitarywaveswhere the discretized equation
can be solved without any numerical dissipation. The method can also be used to solve
for harmonic waves in the high frequency (Eikonal) limit, including multiple arrivals.
The solution involves discretizing the wave equation on a uniform Eulerian grid and
adding a simple nonlinear ‘‘Confinement’’ term. This term does not change the amplitude
(integrated through each point on the pulse surface) or the propagation velocity, or arrival
time, and yet results in capturing the waves as thin surfaces that propagate as thin
nonlinear solitary waves and remain ∼2–3 grid cells in thickness indefinitely with no
numerical spreading. A new feature described in this paper involves computing scattering
of short pulses from complex objects such as complete aircraft. A simple ‘‘immersed
surface’’ approach is used, that utilizes the sameuniformgrid as the propagation and avoids
complex, body fitted or adaptive grid schemes.
The new method should be useful in areas of wave propagation, from radar scattering
and long distance communications to cell phone transmission.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The basic method described here was originally described in [1]. New results and analyses are presented. There aremany
important problems where thin, concentrated pulses or wave fronts must be numerically convected over long distances.
Often, for these cases, the main interest is in the far field, where the integrated amplitude normally through the pulse at
each point along the pulse surfaces and the motion of the centroid surfaces (which we use to represent wave fronts) are
important, rather than the details of the internal structure. For realistic problems, these pulse surfaces can have multiple
sources and scattering surfaces, propagate through regions of varying indices of refraction, and have complex topology.
Accordingly, we consider Eulerianmethodswhere such general surface topologies can be automatically treated. Themethod
can be contrasted to Lagrangian Ray Tracing [2]: it is an Eulerian based method, where the basic solutions of the governing
partial differential equations (pde) are singular codimension 1 surfaces. When discretized, these are defined on a regular
grid, rather than as collections of Lagrangian markers. In this way, the complex logic of current ray tracing methods, which
involves allocation of markers to each surface and interpolation as the markers separate, can be avoided.
There have been many efforts to discretize and solve the time dependent wave equations on Eulerian grids. Large codes
have been developed to treat complex geometries, such as entire aircraft [3,4]. The application of these codes is, of course,
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limited by the requirement that a sufficient number of grid cells must span the pulse (or wave) to accurately solve the
equations, and propagation distance is not long compared to the wave length. These conventional Eulerian approaches to
the wave equation problem involve, as usual, formulating governing pdes, discretizing them and solving them as accurately
as possible on feasible computational grids, assuming smooth enough solutions. For smooth, non-thin pulses,many grid cells
wide, thesemethods arewell known to converge to the correct solution as the number of points across the pulse,N , becomes
large: These error estimates are, of course, asymptotic inN . For accurate solutions, even higher order, complex discretization
methods typically require N to be at least 8–10 so that the error obeys the large N estimate and is small [5]. Even then,
solutions degrade over moderate propagation distances (many pulse widths). As a result, conventional Eulerian methods
will be not even feasible for most problems involving thin pulses convecting over moderate distances. Further, adaptive,
unstructured grids cannot improve the resolution significantly for realistic problemswithmany thin, time dependent pulses.
For these, adding grid points in many locations still results in large numbers of points.
A very different method is described in this paper, that has the potential to greatly extend the range of application of
these computational methods for certain problems. The newmethod has many of the advantages of Greens Function based
integral equation methods for long distance propagation, since the propagation distance can be indefinitely long. However,
unlike Greens Function schemes, which are useful for a uniform index of refraction in simple domains, since the newmethod
is an Eulerian finite difference technique, it allows short pulses to automatically propagate through regions of varying indices
of refraction and undergo multiple scattering in complex domains.
The newmethod,‘‘Wave Confinement’’ (WC), is based on an earlier, successful technique, ‘‘Vorticity Confinement’’, which
allows the propagation of thin, concentrated vortices over arbitrarily long distances, yet keeps many of the Eulerian finite
difference properties of the original fluid dynamic solutionmethod [6]. Bothmethods employ nonlinear solitarywaves based
on a regular lattice.
2. Approach
WC involves treating a thin feature, such as a pulse, as a type ofweak solution of the governing partial differential equation
(pde). Within the feature, a discretized nonlinear pde is solved whose solution can be as thin as 2–3 grid cells, so that it does
not necessarily represent an accurate Taylor expansion discretization of the pde, yet retains the essential physical features.
The approach is similar to shock capturing [7], where conservation laws are satisfied, so that integral quantities such as total
amplitude and centroid motion are accurately computed for the feature. A more general approach is needed, however, than
for shocks, as discussed below.
Differences betweenWC and conventional 1-D shock capturing, are that: First, unlike shocks, characteristics do not point
into the feature from both sides, and extra terms must be designed to prevent it from spreading due to numerical effects in
the propagation [5]. Second, thin wave equation pulses, vortex filaments or thin streams of passive scalars, are intrinsically
multi-dimensional: A concatenation of 1-D ‘‘capturing’’ operators along separate axes should not, generally, give smooth
solutions. Due to the multidimensional nature, it seems necessary to pay some attention to the (modeled) structure within
the feature, even though it is sampled on only a few grid cells in the cross-section. Basically, the features are treated as
multi-dimensional nonlinear discrete solitary waves that ‘‘live’’ on the computational lattice, while preserving the essential
physics of the pulse. This approach has been taken in condensedmatter physics for some years [8].We first describe a simple
1-D application for scalar advection.
2.1. Continuous representation scalar advection
As an example, we consider a scalar, φ, advecting at a constant speed c:
∂tφ = −c∂xφ. (1)
Our basic point is that therewill be errorswhenwediscretize Eq. (1) using conventional schemesbased onTaylor expansions.
When we confine the pulse solution to∼2–3 grid cells, which is our goal, the derivatives of φ and, hence, these ‘‘errors’’ will
be large. Also, corresponding to the small number of grid points within in the pulse, there will be only a small number of
quantities that we can conserve. However, this is our goal (for a continuum pulse solution of Eq. (1), there are an infinite
number of conserved quantities): Adding a term E = ∂2x F ({φ}) to Eq. (1) that vanishes at the boundaries, along with
derivatives, will not affect the conservation of these quantities which include the total amplitude
A =
∫
φdx (2)
or the speed of the centroid
d 〈x〉
dt
=
∫
φc(x)dx
A
(3)
where the centroid is 〈x〉 =
∫
xφdx
A . To preserve the essential physics of Eq. (1) for a short convecting pulse, we want F
to satisfy a set of conditions described above. In addition, it should be homogeneous of degree one, like Eq. (1), so that it
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does not depend on the magnitude of φ. This is an important distinction of the WC equation. Many nonlinear equations use
non-homogeneous terms for the nonlinear term [9]. In fact, Cahn and Hilliard used such a nonlinear term under a second
derivative as in our equation, but one that was not homogeneous [10]. In the convecting frame of the pulse, the pde becomes
the heat equation
∂tφ = ∂2x F . (4)
One example of F that proves to be stable is
F = α
ψ2
[
∂2xψ − λψ
]
, ψ = φ−1. (5)
Using the chain rule, we have,
∂tφ = −αλ∂2x φ − α∂2x
(
∂2x φ − 2
(∂xφ)
2
φ
)
. (6)
Then, defining the three terms, F = F0+F1+F2, where F0 and F1 are linear, and F2 is nonlinear. It is interesting that the role of
the second order term (F0) in Eq. (6) is different frommost popular nonlinear pde’s, such as KdV, that harbor solitary waves:
In these, the linear (diffusion or dispersion) term is the ‘‘expansion’’ term, and the ‘‘contraction’’, or ‘‘steepener’’ term is the
nonlinear Burgers-like convection: (∂xφ2/2). Here, the linear second order diffusion (F0) term acts to contract the pulse and
the nonlinear term (F2) prevents φ from changing sign and transfers amplitude from large wavelength to small, where the
higher order term (F1) damps it (which the Burgers convection also does). When Eq. (4) converges, the pulse then relaxes to
the form
φ→ φ0 sec hγ (x− ct) (7)
where γ = √λ and φ0 is an arbitrary constant. An important point is that wavelengths longer than the thin features
that are to be confined must have a negative diffusive behavior, so that the features remain confined, and are stable to
perturbations against spreading. This means that F2 must be nonlinear: It is easy to show by Von Neumann analysis that
a linear combination of terms, for example of second and fourth order, cannot lead to a stable Confinement for any finite
range of coefficients: any wavelength that exhibits negative diffusion would eventually diverge.
The appearance of φ in the denominator of Eq. (6) makes F2 diverge as φ→ 0. This prevents φ from changing sign. Since
A in Eq. (2) is conserved, the integral of φ over any finite region cannot then diverge. In the discretized version defined
below, none of the grid values can diverge. This ensures realizability if φ is a physical quantity. Smolarkiewicz [11] also has
rearranged the discretized convection equation so that there is such a term in the denominator for this reason.
2.2. Discretized representation—scalar advection
One discretized formulation of the PDE given in Eq. (1) can be written
φn+1j = φnj −
ν
2
(
φnj+1 − φnj−1
)+ aδ2j F nj (8)
where δ2j fj = fj−1 − 2fj + fj−1, ν = c∆th , a = ∆th2 ,∆t is the time step, h is the grid cell size.
Many conventional schemes can be put in this form,where F adds a (typically linear) stabilizing dissipation. However, the
role of F is very different here. The Confinement term, F , is defined as F nj = µφnj −εΦnj , whereΦ is a nonlinear function of φ
(given below) and µ is a diffusion coefficient that can include numerical discretization effects in a conventional convection
or wave equation solution (we assume physical diffusion is much smaller). For the last term,  is a numerical coefficient
that, together with µ, controls the size and time scales of the confined features. For this reason, we refer to the two terms
as ‘‘Confinement terms’’. Upon Taylor expansion, we wish to recover the pde given by Eq. (6) in the fine grid limit.
For simplicity, the semi-discrete limit is taken in time for the advection. However, in the limit of small advection time
step, or if a number of these ‘‘Confinement’’ steps are taken for each convection step, then the following form should result.
The same is true for the wave equation. However, even in the semidiscrete case, the amplitude will change periodically by
a small amount as the centroid moves across each grid cell. This is required because the sum of φj is conserved. Results very
close to these are also found with advection steps that are not small. (Similar small periodic variations are found in other
solitary wave ansätze to nonlinear wave equations [12]. In that reference, for example, they are termed wobble.) We start
with, advection of a single-signed scalar, φ:
∂tφ = −c∂x + ∂2x [µφ − εΦ] (9)
or
φn+1 = φn − ν
(
φj+1 − φj−1
2
)
+ aδ2j
(
µφn − εΦn) . (10)
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There are many possibilities forΦ . A simple class is
Φn =

∑
l
(φ˜nl )
−ρ
N

−1/ρ
φ˜n = |φ|n + δ. (11)
The above sum is over a set of N neighboring grid nodes near and including the node where Φ is computed. The absolute
value is taken and δ, a small positive constant (∼10−8), is added to prevent problems due to finite precision. Exactly the
above term can be used in multidimensional formulations with the sum in Eq. (11) taken over nearest neighbors. If ρ = 1,
Φ is the harmonic mean of φ on the local stencil. Other forms could also be used. For example, ρ = ∞ corresponds to the
minimum of the absolute value; for 2-D and 3-D applications, however, such discontinuous operators will usually not result
in as smooth distributions as continuous ones, and we use only ρ = 1 or ρ = 2. (Also, any nonlinear term which reduces to
(6) can be used.)
The two (positive) parameters, ε and µ, are determined by the two small scales of the computation, h and ∆t , since
we want the small features to relax to their solitary wave shape in a small number of time steps and to have a support
of a small number of grid cells. Thus, even though h may be small, the Laplacian will be large and the total effect also
large. At convergence, µφ − εΦ ≈ 0. The solution to the above equation that vanishes in the far field is then (modulo a
small variation), φ → sec h [γ (j− j0 − νn)], where j0 is an arbitrary constant (since Eq. (9) is translation invariant). With
propagation in a smooth external field, this relation is still approximately satisfied, as verified by computations and heuristic
arguments [13].
2.3. Wave equation
We start with the 1-D scalar wave equation with constant wave speed, c , for simplicity. As in scalar convection, we add
an additional term to control the shape of a short pulse. We take the wave equation analog of the dissipative form used in
the advection equation:
∂2t φ = c2∂2x φ + ∂t∂2x F (12)
or, using a simple time discretization,
δ2nφ = ν2δ2j φ + a′δnδ2j F (13)
where δnf n = f n − f n−1, δ2n f n = f n − 2f n−1 + f n−2, a′ = ∆t
2
h2
. It was seen above, and in other papers [13], that the addition
of WC terms in the form of second derivatives of a function that has a short range do not change the propagation speed (nor
the total amplitude) of an advecting, confined pulse. The same is true for the wave equation, if an additional time derivative
is applied. The main constraint on the Confinement term, F , as in advection, is that it forces an initial isolated, propagating
short range pulse with a single maximum to remain short range and also to not develop any additional maxima. We again
use F n = µφn − εΦn (φn), whereΦ has the form given by Eq. (11) in terms of its argument.
Results for 1D wave equation are shown in Fig. 1. It can seen in Fig. 1(a) that, with no WC, the pulse quickly spreads,
rendering the method useless for long distance computation. This problem can be resolved using WC, as can be seen in
Fig. 1(b). It can be seen that, besides a small periodic variation that depends on the position of the centroid within each cell,
the pulses propagate with no dissipation. An important feature of the method is that the waves do not suffer a ‘‘phase shift’’
when they pass through each other. This is an obvious requirement for the equation we want to simulate—the linear wave
equation. However, the Confinement term is nonlinear. Such a phase shift would ordinarily show up as a kink in two waves
in 2 or 3 dimensions that are passing through each other. It turns out that there is no kink, to plottable accuracy, as can be
seen in the plotted collision results in Section 3. Results for the centroid trajectories for 2 pulses passing through each other
in 1-D are presented in Fig. 1(c). There, the computed centroids are plotted as solid lines and the exact as dashed lines (the
periodic boundary conditions can be seen in the former). It can be seen that there is no phase shift to plottable accuracy. This
lack of nonlinear interaction persists, according to our study, in the limit of small time step (2 orders of magnitude smaller
that that of Fig. 1(c)), even though O(102) confinement corrections were applied each pass as the pulses were overlapping.
We attribute this to the form of the derivatives in front of the nonlinear termwhich cause the change of integrals of interest
(amplitude and centroid) to vanish in the interaction region. (This computation was done by Nick Lynn of University of
Tennessee Space Institute (UTSI).)
The extension to multidimensions is almost trivial. We simply substitute a multidimensional Laplacian in the original
wave equation and use a multidimensional harmonic mean, where we sum inverse values of φ over N neighboring grid
points on the multidimensional grid. If we consider a piece of a small propagating pulse, for example 2D, where the radius
of curvature is large compared to the thickness, we have φ(z) = φ0sech [α (z − z0)], where z − z0 is the distance from a
point (grid point in the discrete case) to the centroid andwe take the limit where the surface can be approximated as planar.
As before, φ0 is arbitrary (modulo a small ‘‘wobble’’ as explained) and α is given for a 2-D planar pulse at an angle θ , on a
grid by 
µ
= [1+2 cosh(αh cos θ)+2 cosh(αh sin θ)]N , where we take the number of neighboring grid points, N to be 5.
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(a) Without confinement. (b) With confinement.
(c) Centroid propagation.
Fig. 1. 1D wave equation.
3. Results
3.1. Propagation/planar reflection
First, a circularwavewas propagated inside a 2D square domainwith reflecting boundaries. It is shown in Fig. 2(a) that the
wave does not deteriorate, even aftermany reflections.Most discretization effects should appear as a deviation from circular
symmetry, since the grid is Cartesian. No such effects appear, to plottable accuracy. The RMS error of radius for different
grid sizes (h) is computed as shown in Table 1. It must be noted that the error does not increase in time, unlike higher order
conventional schemes. Ray tracing techniques also suffer from numerical dissipation as interpolation techniques have to
be used to fit the markers to a continuous wave. The method we use is very different from converging methods, as we are
converging the local function of the grid to a singularity. So, in fine grid limit, it remains spread over the same number of
grid cells. Exact solutions are used to compute the RMS error. There are also no curvature effects on the propagation speed,
to plottable accuracy. The same is observed for 3Dwave propagation in Fig. 2(b). These results also demonstrate that theWC
method works efficiently for diverging waves where ray tracing schemes need extra logic and interpolation. An important
point is that, in 2-D, we are only computing the wave front, and not representing the complete pulse, which, in this case, is
well-known to have an extended ‘‘tail’’.
3.2. Scattering
For reflection from the surface of a body, the amplitude has to be zero on the surface. To accomplish this for complex
bodies, the amplitude can simply be set to zero inside the body every time step, andwave confinement used on the surface (as
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(a) 2D wave propagation.
a b c d
e f
(b) 3D convex wave propagation.
Fig. 2. Multidimensions.
described in Fig. 4(a)). The added confinement term then acts as a diffusion in the tangential direction and prevents staircase
effects. Further, the contraction term in the confinement then acts in the normal direction and maintains a thin boundary,
even on a coarse, non-aligned grid. It can be seen in Fig. 4(a) that complex bodies can be treated to a good approximation
simply by immersing them in a uniform grid with no requirement for body fitting or grid adaptation and performing the
above steps. In order to study this feature, a plane pulse is propagated across the grid and reflected from the underside of
an aircraft in 3D. Amplitude contours are shown in a crossplane denoted by the solid line in Fig. 4(b). Amplitude contours
are shown in Fig. 5(a) and (b).
3.3. Varying index of refraction
Another important study involves the pulse speed in non-uniform index of refraction fields. For an initially straight pulse
(again 2-D), propagating through regions where the index of refraction varied by a factor of 2, numerical errors in the speed
were insignificant to plottable accuracy. It is observed that the pulse trajectory is correct with no diffusion or dispersion,
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Fig. 5. Scattered amplitude from aircraft.
when compared to accurate ray tracing computations. It is also seen that information is not lost, in spite of a limited density
of grid points across the focusing regions. Also, unlike ray tracing schemes, which suffer from scarcity of grid nodes in far
field, WC can still capture waves as smooth surfaces without complex logic involving continual addition of new rays and
interpolation. A comparison is shown in Fig. 3(a) in which the smooth contours are calculated by the confinement method
and compared with Ray tracing (depicted as ‘‘blobs’’). It can be seen that, in the far field, ray tracing techniques cannot
continue to describe the wave as a smooth surface without adding markers and interpolation.
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Table 1
RMS error.
Grid size RMS error (grid cell size (h))
32× 32 4.3
64× 64 0.85
128× 128 1.49
256× 256 1.09
3.4. Focusing waves
WC is also applied to converging/focusing waves (also in 2-D). Here, there are a number of conserved variables which
allow the propagation of waves through the focusing regions and automatically reconstruct the waves after focusing. In
the study here, a focusing elliptical wave is propagated. For accuracy check, the results are compared to the results of ray-
tracing, using Lagrangian markers. This is shown in Fig. 3(b). It can be seen that the basic information defined by the initial
conditions is not lost, even though only the simple Eulerian algorithm was used, with no additional logic, and the grid was
not fine enough to resolve the focusing.
4. Conclusion
A method, Wave Confinement has been described, that propagates thin wave equation pulses. The pulses are solutions
to the scalar wave equation with an added nonlinear term. When discretized on an Eulerian grid, the solutions keep thin
pulses in 3-D and wavefronts in 2-D, 2-3 grid cells thick, which can propagate indefinitely as nonlinear solitary waves with
no numerical spreading. As such, they serve to accurately transport total amplitude, integrated along a normal, and arrival
times at each grid point. These pulses can accurately propagate through focusing, varying indices of refraction regions and
reflect from complex boundaries.
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